The Skyrme effective field theory is tested by evaluating nucleon ground state matrix elements of the correlation functions for two flavor density operators and two pseudoscalar density operators in the Skyrme model and comparing them with results in quenched lattice QCD. The possiblility of using quenched lattice QCD to study higher-order terms in effective field theory is also discussed.
I. INTRODUCTION
The Skyrme model (1−4) provides an appealing but incomplete step towards the goal of constructing a systematic, quantitative effective field theory for baryons. In the large N limit, QCD becomes equivalent to an effective theory of mesons, and baryons emerge naturally as solitons of this theory. The simplest Lagrangian for the effective theory, obtained by Skyrme by adding a non-minimal term to the non-linear sigma model to stabilize these solitons 1 , provides a remarkably successful schematic model of the nucleon. However, despite the large body of research studying specific corrections and extensions since Adkins, Nappi and Witten 2 revived interest in the Skyrme model a decade ago by proposing it as a serious model of the nucleon, the effective field theory has never been developed and tested in a controlled way.
Hence, the motivation for this present work is to use quenched lattice QCD as a framework for the controlled and systematic study of effective field theory. In contrast to studies of physical hadrons, for which the omission of fermion loops in quenched QCD represents an uncontrolled approximation, the fact that fermion loops are negligible in the large N limit implies that there is a meaningful effective meson theory for quenched QCD. Hence, lattice solutions of quenched QCD provide an ideal laboratory to systematically test every aspect of the approximations introduced in effective field theory. Relative to comparisons with experiment, the lattice QCD laboratory provides the opportunity both to explore the approximations as a function of fundamental parameters, such as the quark mass, and to study quantities which are not readily amenable to experiment, such as two-body correlation functions. Since quenched lattice QCD reproduces masses and hadron properties which are close to experiment for the physical quark masses, we expect the conclusions concerning effective field theory to be relevant to physical hadrons.
To clarify the aspects of the effective field theory formulation we would ultimately like to explore, it is useful to consider the functional integral for full QCD. Meson fields may be introduced by writing delta-functions setting each meson field equal to appropriate bilinear quark fields and integrating over the meson fields. The relevant effective action is then defined by the functional integral over quark and gluon fields with the delta-function constraints, and this action is to be integrated over all the meson fields, corresponding to the calculation of all quantum loop corrections to the stationary-phase approximation. Similarly, effective operators are defined by the ratio of the functional integral over quark and gluon fields of the action multiplied by the original quark and gluon operator and delta-function constraints divided by the corresponding integral without the operator. In this framework, one could systematically study the effects of truncating to various numbers of meson fields, of truncating the terms in a derivative expansion of the effective action, of truncating at various levels in the loop expansion of quantum corrections, and of retaining various terms in the expressions for effective operators. In this language, the simplest version of the Skyrme model is obtained by retaining only the pion field, arguing by symmetry and simplicity that only the non-linear sigma model kinetic energy and Skyrme terms need be retained in the action, assuming that N is large enough that quantum corrections to the properly projected degenerate classical solutions may be neglected, and arguing that the relevant effective operators are uniquely specified by symmetry considerations. In principle, each of the four classes of approximation may be tested quantitatively by lattice calculations, affording the opportunity to explore systematically all of the approximations underlying the effective theory.
In this present work, we take the first step in such a program by comparing correlation functions in the nucleon calculated on the lattice with corresponding correlation functions calculated in the simplest version of the Skyrme model. For each value of the quark mass, we take the the lattice observables as defining a model system, which we approximate by an effective Skyrme Lagrangian. As in the work of Adkins and Nappi 3 , we use the values of the pion, nucleon, and delta masses to specify the three parameters in the Skyrme Lagrangian, which then predict all other observables. Since we wish to study the validity of the effective theory for hadron structure, we focus our attention on two correlation functions we have calculated previously which explore the spatial distribution of the nucleon: the density-density correlation function and the pseudoscalar correlation function. Naively, since the original Skryme model with parameters determined from hadron masses 3 makes a 40% error in F π , we expect errors up to this order of magnitude in other observables. In addition we expect the effective theory to improve as the pion becomes lighter. To the extent to which these expectations are borne out and the effective theory provides a reasonable first approximation to the lattice results, we believe we have established a useful framework for quantitative investigation of each of the corrections discussed above.
The outline of this paper is as follows. In section II, we describe the operators and correlation functions which are evaluated on the lattice and our identification of corresponding operators in the Skyrme model. Using the standard spin-isospin projected hedgehog solution, analytic expressions for the correlation functions are presented and the details of the derivations are given in the Appendix. The results for the density-density and pseudoscalar correlation functions in the Skyrme model are compared with corresponding lattice results in section III and the conclusions are discussed in the last section.
II. Operators and Correlation Functions in Lattice QCD and in the Skyrme Model
Since the QCD and the Skyrme Lagrangians are defined in terms of different degrees of freedom, in the absence of a systematic derivation of effective operators as discussed in the introduction, the determination of the operators in the Skyrme model to be compared with lattice operators might appear ambiguous. However, at the level of truncation considered here, we will show that the appropriate operators may be determined from symmetry considerations.
The Skyrme Lagrangian has been constructed such that it shares those QCD symmetries believed to be relevant to low-energy phenomenology: the SU (2) L ⊗ SU (2) R flavor symmetry, with its SU (2) V subgroup that corresponds to isospin conservation, and a topologically conserved current that corresponds to baryon number conservation. Since each operator of interest to us in QCD is induced by a symmetry operation on the QCD Lagrangian, we define the corresponding operator in the effective theory as the operator induced by the same symmetry operation on the Skyrme Lagrangian.
density operators
The two flavor density operators we measure in lattice QCD areρ u ( r) ≡:ū( r)γ 0 u( r):
. These operators may be written as linear combinations of the time-components of the conserved baryon current B µ and conserved isospin current V µ,a (a = 1, 2, 3), which correspond in the standard way to the isoscalar and isospin symmetries of QCD:ρ
Our normalization conventions are such that d 3 rV 0,a ( r) = 2I a (a th component of the isospin operator), d
3 rB 0 ( r) =B (baryon number operator) and
(flavor number operator). Since isospin is unbroken in QCD with equal quark masses and in the Skyrme model, both currents are exactly conserved. Hence they do not get renormalized and the normalization in Eq. (2.1) has an absolute meaning. Although it is possible to write conserved currents on the lattice, the local currents we have used are not conserved and have normalization factors which differ from unity by the order of 10%. As will be shown subsequently, this is not a problem in practice since the isoscalar current strongly dominates the isovector current. Therefore a 10% error in the relative normalization is negligible and the overall density is normalized such that it integrates to unity.
We then may write the correlation between the up and down quark density as
class.
While the first equality is valid in general, the second one is only valid if we consider the classical solution and disregard the quantum fluctuations 5 . This is the approximation in which we solve the Skyrme model.
We therefore compare the density-density correlation function evaluated in the nucleon ground state on the lattice
with the following function calculated in the Skyrme model
Here B µ ( r) and V µ,3 ( r) are the standard currents of the Skyrme Lagrangian: B µ ( r) is the topological baryon current 6 , and V µ,a are the Noether currents corresponding to isospin symmetry. These currents are evaluated for the hedgehog solution and normalized such that
The explicit forms of these currents, using the hedgehog solution to the classical equation of motion, U ( r) = e ir· τ F (r) , are:
The definition of λ agrees with Ref. [2] and for convenenience we have defined the dimensionless constantsλ andr = eF π r. The vectorr R is the unit vector in the r direction rotated by a time-dependent angle, where this rotation is introduced to project the hedgehog onto states of definite spin and isospin. Since we integrate functions that depend only on the relative direction betweenr andr ′ over the angles dΩ(r) and dΩ(r ′ ), we can always rotate back tô r,r ′ and we never need to know the rotation explicitly. Details on how these currents and F (r) are derived are given in the Appendix. As mentioned previously, lattice measurements of the pion, nucleon and delta masses are used to determine the numerical values of the three parameters that enter in the equation for F (r): the pion mass m π , the pion decay constant F π and rho-pion coupling constant e.
As shown in the Appendix, the final formula we obtain for nucleon states, once angular integration has been performed is:
whereỹ = eF π y and we used (
for nucleon states.
Pseudoscalar Operators
The other operators we measured on the lattice are the pseudoscalar density operatorŝ ρ
For establishing the correspondence between operators in QCD and in the Skyrme model, it is useful to note that these operators are proportional to global chiral variations of the QCD Lagrangian containing a mass term that explicitly breaks the symmetry. For notational simplicity, for a chiral transformation ψ → e iχγ 5 ψ we will denote the chiral variation δ δχ by δ C . Then, disregarding for a moment the flavor content, a chiral variation of the QCD Lagrangian yields δ C L QCD ∼ 2m qψ γ 5 ψ . Using the fact that the ratio m q /m 2 π is finite in the chiral limit (proportional to F 2 π / <ψψ >), an equivalent form forρ 5 (r) written purely in terms of the Lagrangian and pion mass which has a well defined chiral limit is:
As for the flavor densities, we may write the chiral variation as a linear combination of isoscalar and isovector terms. If we denote the variation of the QCD Lagrangian under an isoscalar chiral rotation by δ CS L QCD and the variation under an isovector chiral rotation by δ CV L QCD we may write:
where S µ 5 and V µ,a 5
(a = 1, 2, 3) are the corresponding Noether currents which are conserved in the chiral limit, and the a's and b's are known constants which are finite in the chiral limit. We may then define the analogous operators in the Skyrme model to within the ambiguity of the choice of the mass term, for which we make the standard choice of
. Since the two operators on the right-hand side of Eq. (2.9) are not conserved, in general one would have to calculate the renormalized operators to determine the correct linear combination. However, for the Skyrme Lagrangian δ CS L Skyrme = 0 by definition. That is, the variation is outside the SU (2) manifold where the theory is defined and there is no anomalous contribution as for the baryon number. Hence, in the Skyrme model both flavor operators have only the isovector contribution
(2.10)
Physically, this result corresponds to the fact that the the Skyrme model describes the ρ as a pion interpolating field. There is no contribution from pseudo-scalar isoscalar particles since the η and η ′ are not included in the model. One might argue whether the model makes a good approximation in keeping only the light pion degrees of freedom, but once we are given this model Lagrangian, the comparison with QCD is unambiguous. We clearly expect this approximation to improve as we lower the pion mass.
Only the mass term
where againr R is the rotated vector and, once we change variables fromr tor R , we obtain
Note that the operator has a well defined chiral limit in the Skyrme model. Hence, finally we compare the correlation function evaluated in the nucleon ground state on the lattice 12) with the following Skyrme model correlation function:
The overall normalization cannot be defined unambiguously as explained before, and we can only compare the shapes of the two functions. Details of the angular integration are given in the Appendix.
To explore the ambiguity in the pseudoscalar current induced by the choice of the mass term, we have considered two alternatives to the standard result in Eq. (2.11) and compare the resulting correlation functions in Figure 1 . Since we make the comparisons in the chiral limit, m π = 0, it is clear that each of the currents is consistent with the Lagrangian and simply corresponds to a different arbitrary choice of non-linear terms in the pion field. The standard result from Eq. (2.11) is shown by the solid curve and labeled by sin(F ). Variation of the mass term
yields a pseudoscalar density proportional to 1 2 sin(2F ) and the resulting correlation function is shown by the dot-dashed line. In general, any term or combination of terms of the form
gives the expected asymptotic pion mass term and provides a possible alternative. The curve labeled by F is obtained by replacing sin F (r) in Eq. (2.11) by its asymptotic form at larger, F (r). Note that this result may be viewed as being generated by the Lagrangian term
k . This simple comparison shows explicitly that we can get very different results for correlation functions at short and medium range for different choices of effective operators which are equivalent at large distance. This clearly motivates future efforts to derive or calculate on the lattice higher-order terms in the expansion of effective operators.
In a previous comparison 7 of the lattice results and the bag model, it was natural to equate the quark field operators of the two theories. In the present context, one may ask whether the results would have been different if we had used operators induced by symmetries. It is readily seen that whereas we would have obtained the same flavor density operators, the pseudoscalar density operators would have been somewhat different. The main point is that in contrast to the QCD and Skyrme Lagrangians, the bag Lagrangian in the basic form used in ref. [7] is not invariant under chiral rotation, even in the limit of zero quark mass. In the chiral limit, the chiral variation receives non-vanishing contributions from the bag surface. This contribution is equal in form to the QCD term, but it is multiplied by a delta function at the surface. Hence, in addition to the double volume integral of the relevant quark wave functions, we would also have had a double surface integral with a weight that would have become dominant in the chiral limit. The shape of this latter contribution is significantly different, even though it retains some of the correct global features such as having zero volume integral 7 .
III. RESULTS
We use quenched lattice QCD calculations at three different values of the bare quark mass to define three test systems which may then be approximated by the Skyrme model. The lattice calculations are carried out on a 16
3 ×24 lattice at β = 5.7 using bag model sources and are described in detail in Refs. [7] [8] [9] [10] . We have chosen to define the energy scale of the lattice calculations using the string tension, which gives an inverse lattice spacing a −1 = 1GeV and a = 0.2fm. Although defining the scale using the extrapolated proton mass yields a value of a 15% smaller, the quantitative comparison with the Skyrme model is unaffected since when the Skyrme parameters are determined from the lattice masses, the correlation functions scale in a.
The Table I , where the masses in bold face have been used as input and the other parameters are predicted by the model. Since the nucleon and delta energies depend nonlinearly on m π eF π , the parameters are determined numerically. A rough idea of the sensitivity of the nucleon or delta mass to eF π is given by the fact that at m π = 0,
density-density correlation function
As a prelude to considering the Skyrme model density-density correlation function's dependence on the quark mass and how it compares with the lattice results, it is useful to note the extent to which it is dominated by the isoscalar baryon number density contribution. The isovector and isoscalar contributions, as well as the weighted average 9 8 < ρρ > S − 1 8 < ρρ > V are shown in Figure 2 for the range of pion masses we consider. In all cases, over the spatial range shown in the figure relevant to this work, one observes that the isoscalar and isovector contributions are sufficiently similar that 1 8 of their difference is very small compared to the isoscalar contribution and the full correlation function is very well approximated by the isoscalar correlation function. This result has two important implications. We may regard the physics as being dominated by the topological baryon number density and, as claimed earlier, we are justified in neglecting differences in the renormalization factors for the isovector and isoscalar density operators on the lattice. The only place the isovector and isoscalar correlation functions differ significantly is in the extreme surface, where the isoscalar correlation decays asymptotically as e −3m π r , whereas the isovector correlation function decays as e −2m π r . This behavior reflects the leading contributions of two or three pions respectively in each channel and gives rise to the fact that at very large distances, the correlation function changes sign. Similarly, we also expect the correlation to be negative at sufficiently large distance on the lattice.
The change in the shape and spatial extent of the correlation function with quark mass is shown in Figure 3 . For convenience, throughout this section we will refer to pion mass dependence interchangeably with quark mass dependence. It is implicit that when we consider a change in the pion mass, we also consider the correlated changes in F π and e induced when a change in the bare quark mass produces this change in the pion mass.
A striking feature of Fig. 3 is the fact that the mass dependence is highly non-linear. Indeed, the change in the correlation function caused by reducing m π by 173 MeV from 515 to 342 MeV is quite small compared to the change caused by reducing m π by another 205 MeV to 137 MeV. A related indication of how far these masses are from the chiral limit is given by the values shown in Table I for the parameter β = m π e F π governing the hedgehog solution.
The radial extent of the correlation function depends both on the scale factor (eF π ) −1 , which decreases as m π decreases, and on the exponential tail, which grows as m π decreases. These two effects go in opposite directions for the cases we consider. It turns out that the scale factor dominates and the net result is shrinking of both the isoscalar and isovector contributions with decreasing m π . This shrinkage with decreasing m π is shown both by the increase of the normalized correlation function at zero separation and by the decrease in isoscalar and isovector r.m.s. radii in Table I . (Note that for values of m π lighter than the physical mass, the isovector radius begins to increase and ultimately diverges in the chiral limit because of chiral logs.) The trend is opposite in the lattice results, where the normalized correlation function at zero separation clearly decreases with m π . The second moments of the lattice results have sufficiently large errors because of the r 2 weighting of the poorly determined tails that their trend with m π is not statistically determined. Also note that these second moments of correlation functions are not rms radii of density distributions because of the presence of polarization contributions 11 . Lattice measurements of the density-density correlation function for each of the three values of the bare quark mass are compared with the corresponding Skyrme model correlation functions in Figure 4 . Because statistical errors in the correlation functions at large radius induce significant errors in the overall normalization, we have normalized all correlation functions to unity at the origin to facilitate comparison. One observes that as the quark mass and thus the pion mass decreases, the agreement improves substantially. Since we are using sufficiently large quark masses that we should not expect the Skyrme model to be an accurate approximation, it is encouraging that the agreement improves so conspicuously as the quark mass decreases. It will therefore be of interest to carry out more detailed comparisons for lighter quark masses, to verify that this agreement is maintained as the correlation function undergoes the significant changes shown in Fig. 3 .
pseudoscalar correlation function
In contrast to the density-density correlation function, where both isoscalar and isovector terms contribute, the Skyrme model has only an isovector contribution to the pseudoscalar correlation function. This correlation function decays exponentially in the pion mass at large r and, on physical grounds, it should be the dominant contribution in the chiral limit at large distance. In contrast, the lattice calculation has contributions from both the isoscalar and isovector terms. At the large quark masses we consider in this work, the isovector π and the isoscalar η have comparable masses and may be expected to yield comparable contributions with an overall coefficient that favors the isoscalar one. Hence, we expect the best agreement between the Skyrme and lattice results to occur near the chiral limit, where the isovector contribution becomes dominant.
The dependence of the spatial distribution of the pseudoscalar correlation function on the quark mass is shown in Figure 5 . Although in principle one has the same competition between the shrinking scale parameter and growing pion tail as in the density-density correlation function, we observe that the pseudoscalar correlation function has extremely mild mass dependence in the range 0-2 fm. The only qualitative feature which is not shown in this plot is the fact that in the Skyrme model, the volume integral of this correlation function is zero, as it is in any independent particle approximation 7 . Thus, the function has a node and an exterior negative region of equal volume. When the correlation function is plotted at larger distances, one observes that as the pion mass becomes lower, the tail extends to larger distances and the node moves outward.
The comparison of the Skyrme model pseudoscalar correlation functions with the lattice results is shown in Figure 6 . On the lattice we observe that the overall size is very different, as expected because of the large isoscalar contribution at the quark masses we have used. However, it is significant that as the pion mass decreases, the lattice result becomes much closer to the Skyrme solution. The outward movement of the node is particularly evident in Figure 6 . The stability of the Skyrme correlation function when varying the mass compared to the large change of the lattice result suggests that a significant part of change in the lattice result arises from the diminishing contribution of the isoscalar term. Again it would be very interesting to follow the behavior to lower quark masses. As a technical point, we note that because of the node at large distance and the slow spatial decay at small pion mass, the pseudoscalar correlation function is more sensitive to finite size effects on the lattice, and is more difficult to extrapolate to the physical pion mass than the density-density correlation function.
IV. SUMMARY AND CONCLUSIONS
In this work, we have derived the analytic results necessary to compare the density-density and pseudoscalar correlation functions calculated in lattice QCD with the Skyrme model and taken the first step in using quenched lattice QCD as a laboratory to systematically explore the Skyrme effective field theory. The principal numerical results are presented in Figures 4 and 6. We observe in Figure 4 that already for a quark mass of 40 MeV, corresponding to a pion mass of 340 MeV, the Skyrme approximation to the density-density correlation function appears to be in good agreement with the lattice result. In contrast, because of substantial isoscalar contributions in quenched QCD for a pion mass of 340 MeV, which are excluded by construction from the Skyrme model, the Skyrme pseudoscalar correlation function is not quantitatively correct, although the trend with decreasing pion mass is encouraging.
These exploratory results suggest several promising directions for future research. At the most pedestrian level, it will clearly be worthwhile to extend the comparison to lighter quark masses. More interesting and potentially extremely useful, is the opportunity to use lattice techniques to calculate numerically the effective action and effective operators and thus evaluate corrections to the Skyrme approximation. As described in the introduction, this provides a consistent framework to systematically explore the quantitative effects of truncation in meson fields, of truncation of the effective action, of truncation of the expansion of effective operators, and of truncation of the quantum loop corrections. Thus, rather than using the lattice to calculate hadron observables directly, one can instead use it to calculate from first principles the relevant parameters of an effective theory which could then be applied much more generally than one could hope to apply the full apparatus of lattice QCD.
APPENDIX
In this Appendix we review the main features of the Skyrme model, we give an explicit derivation of the time component of the vector current without averaging over angular variables (which is also useful for other applications) and we perform the angular integration when the two currents are kept at fixed relative distance. As in the rest of the paper we have tried to keep notation consistent with Refs. [2, 3] , from which Eqs. (A.1) through (A.7) are taken.
The Lagrangian of the model is (Ref. [3] )
If we substitute the spinning hedgehog ansatz
into (A.1), we obtain after quantization the following expression for the energy (Ref. [2] ):
where J is the spin (equal to isospin in this model) of the particle
(A.4) λ was defined in Eq. (2.6c),r = eF π r and β = m π eF π . F (r) is chosen so that it minimizes M with the boundary conditions F (0) = π and F (∞) = 0 to ensure that the baryon number (integral of Eq. (2.5)) is equal to 1; the resulting equation for F (r) is
The general form of the time component of the Noether current associated with the V −A transformation δU = iτ a U of the Lagrangian (A.1) is (Ref. [2] ):
to the SU (2) Lie algebra and the fact that
Before calculating the four traces we need, let us derive a few useful formulae. Equation (A.2a) can be written as
where r R is the vector r rotated according to the law r R · τ = A r · τ A † . Using the fact that A is unitary, we obtain
The spatial derivatives are
We also need to show that
or equivalently that
∂r
This is because it is more convenient to take derivatives of U with respect to r R (see Eq. (A.9)). Since
we may write
where we used the fact that
(A.11) This is the component form of the scalar product in SU (2). Now we are ready to calculate the traces in Eq. (A.7). The first one gives 
(A.13) The third trace is, using the fact that in the last term of Eq. (A.7) we shall take advantage of property (A.10a) to change
(A.14)
We do not write out the term proportional tor Ri , because it will not contribute when multi-plied times the fourth trace, which is
( 
(A.16)
The expression in brackets is equal to tr (∂ 0 U ) U † τ a (Eq. (A.12)), which appears in both the other two terms in Eq. (A.7). We then insert Eq. (A.12), Eq. (A.13) and Eq. (A.14) into Eq. (A.7) and obtain
(A.17)
As in Ref. [2] , one can convince oneself that J 0,a V +A is obtained from Eq. (A.7) by exchanging U ↔ U −1 , i.e.r R ↔ −r R . Then J V will contain terms even inr R and J A terms odd inr R , as expected from parity considerations:
where we used the definitions of Λ and λ, Eqs. (2.6b) and (2.6c). We also used the fact thaṫ AA −1 = − i 2λ I · τ with I the isospin operator, as may be derived from A = a 0 + i a · τ , π = 4λ˙ a and I = − 1 2 [a 0 π − aπ 0 − a × π] which can be found in Ref. [2] . For completeness, the time component of the axial current is
in agreement with Ref. [3] . We calculate only the correlations between currents in proton (or neutron), N |V V |N , and not off-diagonal matrix elements, N |V V |N ′ . Hence, we only need: both in the proton and neutron):
whereỹ = eF π ; we change variables from φ, θ, φ ′ , θ ′ to φ, θ, Φ, γ, where Φ and γ are the angles of r ′ with respect to r (the transformation is just a rotation and its Jacobian is one); and we use the following identities cos θ ′ = cos θ cos γ ± sin θ sin γ cos(φ ± Φ) , (A.23a)
Note that we need only (A.23b) and (A.23c) that can be derived from (A.23a) without knowing the signs which depend on conventions. Then,
(A.24) where in the last line we use the fact that the integrand is symmetric inr andr ′ to imposẽ r ≥r ′ and multiply the result times two; with this condition 2rr ′ ≥ |r 2 +r ′2 −ỹ 2 | ⇔r ′ ≥ |r−ỹ| which in turn impliesr > Table I . Table I . 
